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I. T. Young, J. E. Walker, and J. E. Bowie (Inform. Contr. 25 (1974), 357-370) 
derived a sampling theorem which indicates how densely a two-dimensional 
plane should be sampled to replicate perfectly the curvature at every point on a 
simply connected closed contour. We show that while a sampling theorem for 
osculating circles does exist, such a theorem does not exist for the two-dimen- 
sional plane. A relation between the path length along the curve and the geometric 
displacement i  the two-dimensional plane is derived. 
Young et al. derived a sampling theorem which indicates how densely a 
two-dimensional p ane should be sampled to replicate perfectly the curvature at 
every point on a simply connected closed (SCC) contour. In this paper we show 
that while a sampling theorem for osculating circles does exist, such a theorem 
does not exist for the two-dimensional plane. We first give a synopsis of Part I I I  
of the paper mentioned above. 
Let K(p)  denote the curvature at point p on an SCC contour where the con- 
tinuous parameter p represents an index of the total perimeter, i.e., 0 ~< p ~< P. 
Considering all points on the curve let 
K = max I K(p)[ (1) 
and letp0 be the point at which this maximum occurs. At the point p0 inscribe the 
osculating circle, that is, the circle with the same curvature as the contour at 
P0 and hence a radius of R = 1/K. This osculating circle, which has the smallest 
radius of any osculating circle, may be parametrically represented by 
x(p') ~- R • s in(%p') ,  (2) 
y(p ' )  = R • cos(~olp'), (3) 
where the parameter p' represents an index of the perimeter of the osculating 
circle at Po, i.e., 0 ~ p '  ~< P '  and where % = 2~r/P' = 1/R. Young et aL 
argue that if the band limited curves x(p') and y(p')  are sampled at a rate 
greater than or equal to twice their highest frequency component, hese curves, 
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hence the smallest osculating circle, and thus the point of maximum absolute 
curvature can be perfectly recovered. This leads them to the following: 
THEOREM. To replicate perfectly the curvature of every point on an SCC 
contour the sampling density is given by 
1 2zr zr 
= • --  7rR ---- - -  (4) Ax Ay ~ ~ wl K '  
where ~ix and Ay are the grid constants of a discrete grid on the two-dimensional 
plane, i.e., the sample distances in the x- and y-directions. 
This theorem suggests that' the grid constants can be derived from the 
maximum curvature of the contour. However, the following example shows 
that this conclusion must be erroneous: 
aX= 1 
AY:  1 
FIC. I. Smallest osculating circle on discrete grid according to (4). 
EXAMPLE. Let Ax-=/ iy  =-1. According to (4) the smallest osculating 
circle has a radius equal to 1/rr. Figure 1 illustrates what this circle looks like 
in relation to the grid defined by / ix  = Ay ---- 1. 
Equations (2) and (3) describe the x- and y-positions as a function of arc 
length, which is measured along the curve. We agree that the Nyquist theorem 
leads to the following conclusion: The sample distance Ap' facilitating recon- 
struction of the functions x(p') and y(p ' )  is give n by 
1 27r 7r 
• - -  = ~R (5) Ap' <~ ,o~ =~"  
I f  x(p') and y(p ' )  are sampled with a sample distance Ap' according to (5), 
both x(p') and y(p') ,  and hence the smallest osculating circle can be recon- 
structed. As the radial frequency of any other osculating circle is smaller than 
w 1 , sampling with the same sample distance Ap' yields reconstruction of any 
osculating circle. I f  we proceed along an osculating circle over an arc length 
2p', this causes displacements Ax and Ay in the respective directions, as indicated 
in Fig. 2. 
FIG. 2. 
the circle. 
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Ap t 
Displacements in x- and y-directions in relation to a displacement along 
If  we try to derive constraints on Ax and Ay from the constraint on Ap' we 
find, for a fixed positive value of Ap', the following: 
0 ~ Izlx <~Ap', (6) 
0~<lAs  <~2p'. (7) 
Using dp' as the sample distance along the circle corresponds to sampling the 
x- and y-components of the parametric representation of the osculating circle, 
which, like sampling a continuous time function, requires infinite accuracy 
of the sample values to facilitate reconstruction. This means that the suggestion 
that the constraint on Ap' leads to constraints on the sample distances in the 
x- andy-directions is false because worst cases for dx and Ay are 
~ = o, (s) 
Zy = o. (9) 
Sampling the plane results in quantizing the x- and y-components of the para- 
metric representation, which makes reconstruction impossible. The correct 
constraint as stated in (5) constitutes a sampling theorem for osculating circles 
or their parametric representations, but does not lead to a sampling theorem 
for the two-dimensional p ane. 
Apart from our findings discussed above, we learned that if the SCC contour 
has been sampled according to (5), a statement can be made about the relation- 
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ship between Ap' and the geometric displacement {(Ax)2 -~- (Ay)2}l/2. If Ap' is 
along a straight line it follows that (Fig. 3a) 
(Ax)~ + (,~y)~ = (,~p')~. (10) 
Z~x 
(a )  
Ap  n 
(b) (c) 
FIG. 3. (a) Largest geometric displacement; (b) smallest geometric displacement; 
(c) area of possible positions of next point. 
If Ap' is not along a straight line, the smallest geometric displacement that can 
occur is that in which Ap' is along the smallest osculating circle. In this case the 
equality in (5) holds: 
So 
and 
Ap' = ~'R. 
R = , Jp ' /=  
(Ax)2 + (Ay)2 = (2R)2 _-- 4(Ap')efir2, 
(11) 
(12) 
(13) 
which is a lower bound on the displacement (Fig. 3b). Equations (10) and (13) 
lead to the relation 
4(Ap')2/= ~<~ (Ax) 2 + (Ay) 2 <~ (Ap') ~. (14) 
So around the last known sample point there is a ring-like area of possible 
positions of the next sample point. Figure 3c illustrates this result. Within this 
ring-like region the position of the next sample has to be given with infinite 
accuracy, which implies infinitely dense sampling of the plane. Obviously only 
a subset of this region applies if we have information about he direction and the 
curvature in both sampling points, degenerating to only one possible position 
if the curvature between two sample points is constant. 
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